Department of Chemistry, University of Cambridge, Lensfield Road, CB2 1EW, Cambridge (UK)
Introduction
Attraction between two indentical objects uniformly charged in solution seems intuitively surprising on the one hand because we know that such objects do repel in vacuum and on another hand because this simple mental picture is still preserved within the Poisson-Boltzmann (PB) theory [1, 2, 3] . We recall that the PB theory is a mean field approximation [4] of a primitive model of electrolytes [5] in which ions are point like and solvent is simply a uniform medium of dielectric constant ε. Attraction mechanisms mediated by counterions require therefore to modify at least one of the aforementioned assumptions. We will see that one can find attraction by a) finding a situation in which two non uniformly like charged objects can attract each other even in vacuum, b) adopting another theoretical approximation for the same model of electrolyte and c) changing the model for the ions.
Before going on, we introduce the characteristic length scales arising when studying counterions of valency q subject to thermal fluctuations of magnitude k B T next to a uniformly charged macroions with charge density σ in a solvent of permitivity ε. We note q 2 l B ≡ q 2 e 2 /4πεk B T the Bjerrum length below which electrostatic repulsion dominates the thermal motion of counterions and µ G ≡ (2πl B qσ) −1 the Gouy-Chapman length that estimates the extent of the condensation layer on a plate owing to thermal fluctuations. Finally, we note a ⊥ the typical lateral distance between two neighbouring counterions on a plate such that πa 2 ⊥ σ = q.
Planar Kornyshev-Leikin (KL) theory
One possible way to get like charge attraction out of the PB theory is to find an electrostatic configuration that leads to attraction in vacuum. This is in fact possible as soon as the macroions are not uniformly charged but instead diplay, say, an assembly of quasi-dipoles. This is the idea behind the so called KL theory [6, 7, 8, 9] that was originally done considering a realistic model of the charge pattern on DNA. In what follows, we shall present a simplified version of it with a planar geometry to focus on the physics rather than the equations.
One plate in a salt solution
We consider a plate at z = 0 whose surface charge distribution is composed of very thin stripes extending in the x direction of negative line charge density −|λ 0 |. The distribution is periodic in the y direction such that there is a spacing H between two stripes. Let us put this object in an electrolyte solution whith an inverse Debye length κ = ∑ i 4πq 2 i l B n i . If, moreover, the solution contains plate counterions with a high valency, then it is assumed that most of those will adsorb on the plate so as to neutralize its charge. In this section we will consider that the adsorbed counterions mostly form positive stripes parallel to the original negative ones and each one of them lies exactly in at equal distance from two neighbouring negative stripes. Their line charge density is defined as θ|λ 0 | with 0 < θ < 1. In the end, the fixed charge density on such a "dressed" plate can read
where we simply used the identity θ = θ + 1 − 1 to subdivide the surface charge density into a purely dipolar contribution (alternating stripes of exactly opposite sign) and a contribution arising only from stripes of the same sign. Both σ d (y) and σ m (y) are even and periodic functions of period H and it is convenient to express them in term of their Fourier series components σ k d and σ k m 1 .
The k = 0 harmonic mode is nothing but the average surface charge density that is trivialy σ 0
For the rest of the components, it easily found that
Within a KL-like theory, we next consider that the mean electrostatic field ϕ satisfies the linearized PB equation [6, 7] . Expressing it directly it terms of its Fourier components ϕ k , we get the following set of equations:
where k ≥ 0. We notice from Eq. (3) that, the higher k, the higher the effective inverse screening
Since we are interested in the far field generated by the plate, we will focus on the first two modes k = 0 and k = 1. The electrostatic potential then reads far from 1 Any even and periodic function f (y) of period H can be written as:
where the use of h prevents problems when integrating over Dirac combs of period H.
the plate:
Interaction between two plates
We now look at the interaction of the plate described in the previous section with a similar plate but shifted in the y direction by an amount δy ≤ H/2 and at a distance z = L from the former plate.
Its fixed charge density reads then
. We also assume that the plates are far enough to neglect the entropic contribution from the ions to the interaction energy. In this case, only the electrostatic contribution coming from the far field in Eq. (4) matters. The corresponding energy per unit area reads then 2 :
From Eq. (5), we see that as soon as the shift δy > H/4, the second term in the r.h.s. becomes attractive. This attractive interaction is maximum if the shift δy between the the charged patterns on the plates equates exactly half the period H. As a matter of fact, in that case, each stripe on a plate would be facing an almost opposite stripe on the other plate thus leading to an attraction.
Overall, a net attraction is all the more likely if θ is close to unity as the magnitude of the repulsion in Eq. (5) is proportional to the square of (θ − 1).
Strong Coupling Regime
The electrostatic coupling in a charged system with counterions can be described by a unique parameter Ξ ≡ 2πq 3 l 2 B σ so that the limit of vanishing Ξ for an exact field theoretical description of the system gives the PB theory [4] . The SC regime can then be expressed as the opposite limit 2 We define it as being:
when Ξ goes to infinity. The following two subsections summarizes two different appoaches of this SC regime, the Virial Strong Coupling (VSC) appoach and the Wigner Strong Coupling (WSC) approach.
Virial strong coupling
When Ξ tends to infinity, the counterions condense onto the macroions they neutralize [10, 11, 12, 13, 14] . At finite values of Ξ, few counterions are desorbed from the surfaces and the electrolyte is effectively decomposed into a condensed liquid phase on the macroions and a bulk vapor. The bigger Ξ, the smaller the vapor density and hence its fugacity λ. At equilibrium, the vapor fugacity has to equate that of the liquid so that the counterion fugacity tends to zero as Ξ tends to infinity. R. Netz suggested accordingly a Mayer expansion-based [15] 1/Ξ expansion of the dimensionless one-particle densityρ 1 (in units of µ −3 G ) and the free energy βF of this system [16] . This theory has been discussed at length in the past [17, 14, 18, 19, 20] although its capacity at capturing what is happening in the system has been questioned recently [21, 22] and will have a dedicated chapter in this volume. For these reasons, we will simply present its single particle picture predictions below:
where βW 0 is the energy of the system in absence of counterion,r ≡ r/µ G is a dimensionless position vector and φ is the external potential (in units of k B T ) owing to the macroions. The constant C in Eq. (7) can be found by requiring the integral of qρ 1 to be equal to the total charge carried by the macroions.
Wigner strong coupling
The WSC approach starts from the fact that we know what is the exact ground state of a system of charges next to a plate (a Wigner crystal with a triangular lattice) and therefore we can expand thermodynamic quantities around this ground state [10, 23, 24, 12, 13, 21, 25, 22, 26, 27] . If we focus on the one-particle densityρ 1 , it is in fact exactly related to the fugacity λ and the excess chemical potential µ ex via the relation [15] :
where φ is still the external potential in absence of any counterion. Contrary to the VSC approach that expands µ ex in powers of the fugacity λ (Mayer expansion), the aim here is to evaluate an exact expression valid for high values of Ξ in the planar geometry: the many body problem is hence intrinsically accounted for in the WSC approach. One way to do it is to start from Widom's particle insertion method to compute the excess chemical potential [28, 29, 30] :
where ∆U is the variation of the whole interparticle energy when adding an Nth test particle at positionr and . N−1 stands for a canonical average over all possible configurations of the N-1 other counterions.
Case of one plate
At high values of Ξ, the variation ∆U corresponds to a small perturbation of the interaction within a Wigner crystal formed by N counterions by moving the Nth one away at a distancez from the plate. According to [21, 22] it reads within an harmonic approximation in the z direction:
where α = 3 3/4 /(16π 3/2 ), R i represents the position of the lattice site i and a is the lattice spacing.
Note that the value of |z −z i | is totally unrelated to that of |R − R i | and therefore, the canonical average reads 3 :
where S = ∑ i 1/(|R − R i |/a) 3 ≈ 11.034. Evaluating the integral in (11) and plugging it back into
Eq. (8) we get:ρ
where the prefactor solves the electroneutrality condition dz qρ 1 = 2|σ|. In eq. (12), we see that corrections to the single particle picture are of order Ξ −1/2 -instead of the order Ξ −1 prescribed in the VSC theory-and agree very well with existing simulation data [21, 22] . This discrepency weakens VSC approach's reliability beyond the single particle for planar geometries and makes its applicability uncertain for other geometries.
Case of like charged plates
The expansion for the density can be carried out in a similar way as for one plate explained above. It is not as easy as for one plate because the ground state itself depends on the distance L between the plates [27] and therefore we won't treat it fully in those lines. Three distance regimes can however be discriminated in a WSC approach and we shall see how they phenomenologically differ.
Short distances
At short distances i.e. when L ≪ a ⊥ , the single particle picture can apply (i.e. ∆U in Eq. (9) is neglected at the single particle level) and yields an unbinding mechanism where the counterions 3 We use the fact that first:
and second:
This means that the average (z −z i ) 2 N−1 is dominated by the cost it takes to take the ith ion away from the plate. Other contributions to the average are of order Ξ −1/2 .
detach from the plates 4 [17, 26] . The particle density ρ 1 (z) is uniform and satisfies ρ 1 (z) = Ce −φ(z) , where φ(z) = cte for two equally charged plates and where C is a constant too. Unsuring the electroneutrality condition (??), the density within the slab reads ρ 1 (z) = 2|σ|/qL. Now, it is convenient to use the contact theorem that relates exactly the pressure βP to the particle density at contact ρ 1 (0) [31, 32] :
This expression can lead to attraction ifL = L/µ G > 2.
Intermediate distances
This distance regime corresponds to separations L such that a ⊥ < L < q 2 l B . The unbinding mechanism responsible for a strong attractive pressure for short distances is not effective anymore and counterions start separating into two strongly correlated layers as L increases [27] . The density at the plate increases accordingly toward the zero pressure value 2πl B σ 2 . At large enough distance 0 depends on the Wigner crystal structure on the plates at large L [27] . This gives rise to an exponentially decaying attraction [11, 13, 12, 27] similar in spirit to the one found in the planar KL theory described above.
Large distances
If L ≫ q 2 l B , then counterions on a plate do not create anymore a proper correlation hole on the other plate and the condensed ionic layers are no longer strongly correlated with each other. Although the contact theorem (13) is valid for any L, it does not provide a simple understanding of the large distance physics. A simple way to understand it is to note that the two plates are so far away from each other that they are almost isolated and can be seen as dressed plates displaying a low charge 4 The typical lateral distance a ⊥ used here is a bit tricky since it depends on the distance between the plates [27] . Let us say here that for small enough distances L, a ⊥ is defined as 2πa 2 ⊥ |σ| = q while for infinite distances we have πa 2 ⊥ |σ| = q. density 5 . The counterion density far away from them is then described by a PB regime [34, 33, 25] .
At that point, the condensed counterion layers become an intrinsic property of these dressed plates akin to surface plasmons on facing metallic plates. Still, they remain correlated through charge fluctuations and yield a universal attraction at finite temperature [35, 24, 13, 36] :
where ζ(x) is the Riemann zeta function and ζ(3) ≈ 1.2021. For Eq. (14) to give a net attractive pressure, it has to be compared with the PB repulsion owing to the counterion-dressed plates 6 .
Dumbbell like counterions 4.1 The model
Among counterions of valency n > 1, some are molecules made of n repetitions of a single charged unit (principally monovalent) [38, 39, 40, 41, 42, 43] . For the sake of illustration, we will focus on divalent positive conterions that neutralize two like-charged plates in absence of salt. The simplest description for a divalent counterion would be two monovalent point like ions of the same sign forming a dumbbell of length l.
Let us denote p(r,û) the joint probability density to find a reference charge belonging to a dumbbell at r and having the dumbbell direction vector arising from it in directionû. The probability to find a dumbbell through its reference charge at position r reads:
where dΩ is the solid angle measure.
5 Roughly speacking, the effective charge density σ e f f scales as ∼ e − √ Ξ and goes rapidly to zero as the coupling parameter goes to infinity [33, 25] . 6 The physics becomes very similar to the DLVO theory [37] where ionic contributions are accounted for by the PB theory and separated from the medium-related van der Waals interactions.
Mean field theory 4.2.1 A modified PB equation
Within a mean field theory, the joint probability density p(r,û) for one dumbbell depends on the mean external electrostatic potential ϕ generated by both its co-ions and the plates [38, 39, 42] :
where cos θ is the projection ofû on the z-axis and H(x) is the Heaviside step function that is zero if x is negative and one otherwise. The Heaviside functions in Eq. (16) 
together with the boundary conditions:
that ensure the global electroneutrality of the system. In Eq. (17), the change of variable s = l cos θ has been made, the Heaviside measure appearing in Eq. (16) is unity in the interval
and C is a constant of arbitrary value 7 .
7 To be physically consistent, the r.h.s. of Eq. (17) has to be invariant under the (gauge) transformation ϕ → ϕ + g where g is a constant. This is only possible if, under this transformation, the constant C undergoes a change C → Ce 2g . Choosing a specific value for C is thus equivalent to fixing the gauge g and any value can then be taken for it [44] .
Plate-plate interaction
As before, we make use of the contact theorem that reads as follows for dumbbells [42, 39] :
The factor two in the osmotic part of Eq. (19) appears because there are two ends per dumbbell interacting with the plate at z = 0. The solution to Eqs. (17) and (18) is a inhomogeneous potential ϕ(z) that increases rapidly from a low value at the plate to its highest value at the mid-plane [39] .
Two distance regimes can then be discriminated [42] . First, when the mid-interplate distance L/2 is larger than the size l of the dumbbells. In this case, the rapid decrease of the potential ϕ makes adsorbed counterions on a plate be oriented mostly parralel to it since it is very favorable energetically.
Second, when L/2 is smaller than l, then adsorbed dumbbells on a plate can also lie perpendicularly to it by reaching a not so unfavorable potential close to the other plate [39] . The increase of such bridging configurations when L > l implies that, on average, there will be less point charges trapped directly at the wall hence yielding a decrease in n(0) 8 . This drop can be sufficient enough for the electrostatic attraction to overcome the osmotic pressure and then generate an attraction. Now, if L ≤ l, there is no lack of point charges at the plates and the interaction is repulsive again [42, 39] .
This allows then to bound the equilibrium distance owing to a PB bridging mechanism l < L eq < 2l.
SC regime for dumbbells
If the coupling parameter Ξ is big enough then a SC description can be done on dumbbell counterions neutralizing two plates [42, 41] . In particular, if l < a ⊥ , then a single particle picture can be used.
8 If bridging configurations do exist then the dumbbell density will display four picks -one at each plate and two others at a distance l from the plates -instead of simply two at the plates. Let n > (0) be the density at a plate when L > 2l. The total number of dumbbells N d is mostly dominated by the two picks at the plates and scales roughly as N d ∼ 2n > (0). Now, let n < (0) be the dumbbell density at a plate when L < 2l. It can be divided into parallel n p (0) and bridging n b (0) densities. In particular n b (0) = n b (l) by definition of a bridge. The integral of the dumbbell density is now dominated by the four picks enumerated above and the total number of particles scales as N d ∼ 2n < (0) + 2n b (0). It then turns out that as long as n b (0) is non zero and L > l, n < (0) < n > (0).
In this case the dumbbell density reads:
where Ω(z) is the accessible solid angle for the dumbbell at location z,L = L2πl B |σ|q (with q = 2)
is the constant external potential felt by the dumbbell and K is a normalization constant. The constant K is chosen to satisfy electroneutrality and reads K = |σ|eL/(L − l/2) when l < L 9 . We can then apply the contact theorem (19) which yields:
Hence a stable bridging equilibrium arises atL eq = l + 2. Likewise, when l > L, the accessible solid angle is Ω(z) = 2πL/l for any z [42] and the electroneutrality condition yields n(z) = |σ|/L.
Inserting back this expression into the contact theorem (19), we get a stable equilibriumL eq = 4 that is independent of the dumbbell size. Note also that it is twice the equilibrium length that would be obtained for point-like divalent ions in the SC regime in (??). This is because the attraction is here due to electrostatic correlations (and not a bridging mechanism) that are weaker with a divalent dumbbell than with a concentrated charge.
Validity domain and the point-like limit
If l is small enough, we should recover the physics of point like divalent ions. This happens when the dumbbell orientation is unaffected by the electrostatic potential gradient i.e. when l ≪ µ G < L [42, 39] . In this case, n(z) becomes n(z) = ρ 1 (z)Ω(z)/4π where ρ 1 (z) is the point-like divalent counterion density and Ω(z) is the accessible solid angle for the dumbbell. In particular, however small the dumbbell is, at z = 0 only half of the total solid angle is accessible to the dumbbell and this allows us to recover the contact theorem for point-like ions (13) from the contact theorem for dumbbells Eq. (19) .
It is now well established that molecular (e.g. polyamines) and atomic (e.g. Cr +3 ) cations can lead to the formation of hexagonal arrays of dsDNA provided their valency is higher than +2 even though some divalent ions (e.g. Mn +2 and Cd +2 ) are able to condense dsDNA [45, 46, 8] . Such arrays have been experimentally studied recently [47, 48] and both attractive and repulsive contributions to the interaction appear to be exponentially decaying. A long ranged attraction as seen in Eq. (14) may still exist but it does not seem to drive the array stability.
Todd et al. [47] also found the attractive decay length λ att to be almost indepedent of the counterion type (λ att ∼ 5Å) and to be roughly twice the repulsive characteristic length λ rep . It seems unlikely for a bridging mechanism to be compatible with these observations as its physics depends very much on the length of the molecular cations (see section 4.). Moreover, the corresponding equilibrium distance L eq should be about the size l of the chains and thus should be increasingly big as the valency of the cations increases. This is in contradiction with what is observed in experiments [47, 48] where the DNA-DNA equilibrium distance decreases while increasing the counterion valency. The KL theory and the WSC approach however, are both compatible with an exponentially decaying attraction.
Even though the WSC has yet to be fully treated for a realistic dsDNA, it is likely for the length G −1 0 (see section 3) to roughly equal dsDNA's mean helical pitch H ≈ 3.4 nm [11] . This would then lead to an attractive decay length λ att ≈ H/2π ≈ 5.4Å (that is not so far from λ att ) as prescribed in the original KL theory [6, 7] . In addition, the ratio between DNA and water electrostatic permitivities being about 1/80, it generates an exponentially decaying repulsion -owing to image charges of the dressed dsDNAs within each facing dsDNA [49] -with the same decay length as for the attraction but for a distance that is twice that of the spacing between the dsDNAs [48, 50] . In the end, it is equivalent to a repulsion whose decay length is exactly half that of the attraction decay length as measured in studies [47] and [48] .
The KL theory seems in very good agreement with experiments [51, 8, 47, 48] although some of the assumptions it is based on arguable [52, 53, 54] . A SC analysis seems potentially compatible and could provide some rational basis to the effective parameters of the KL theory [51, 8, 55, 48, 56] .
Finally, the above discussion on dsDNA condensation only accounts for the improvements of the PB theory mentioned in the introduction. An obvious refinement that has not been treated in these lines is a better model for water. Such a thing goes way beyond the scope of this chapter. It is however worth mentionning that a phenomenological account of the way polyvalent counterions could affect the structure of water on dsDNA can give rise to an attraction [57, 58] whose quantitative features agree well with the work of [47, 48] .
